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Cross-relaxation between macromolecular and solvent spins:
The role of long-range dipole couplings

Bertil Halle
Department of Biophysical Chemistry, Lund University, SE-22100 Lund, Sweden
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Nuclear spin relaxation by intermolecular dipole–dipole interactions between macromolecular and
solvent nuclear moments forms the basis of a widely used method for investigating macromolecular
solvation. In particular, intermolecular cross-relaxation@or nuclear Overhauser effect~NOE!#
between protein and water protons has been used to probe the mobility of water molecules
interacting with the protein surface. The method rests on the assumption that the intermolecular
NOE is of short~4–5 Å! range and thus provides information about the mobility of individual water
molecules in hydration sites near the monitored protein protons. Here, we present a theoretical
analysis of the spectral density function~SDF! that governs the cross-relaxation rates in the
laboratory-fixed and rotating frames. In contrast to ther 26 dependence of the intramolecular NOEs
used for structure determination, the intermolecular NOE is shown to be long-ranged with important
contributions from thousands of water molecules. For a consistent interpretation of such NOEs, it is
necessary to use a model that explictly incorporates motionally retarded hydration water molecules
as well as unperturbed bulk water molecules. We formulate a diffusion model with a nonuniform
solvent mobility and solve it to obtain an analytical expression for the SDF. Calculations with this
nonuniform diffusion model demonstrate that intermolecular NOEs with surface protons are
dominated by long-range dipole couplings to bulk water and therefore provide little or no
information about hydration dynamics. The physical basis of this unexpected phenomenon is that
the characteristic time scale for relaxation-inducing fluctuations is longer for the more numerous
remote water molecules, despite their higher mobility. The analytical results presented here are
generally applicable to intermolecular dipolar relaxation of like or unlike~nuclear or electron!
spins in a variety of experimental situations. ©2003 American Institute of Physics.
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I. INTRODUCTION

The dipolar interaction of nuclear magnetic momen
rendered time-dependent by thermal molecular motions
the main source of spin relaxation for spin-1/2 nuclides l
1H, 13C, and 15N.1 Among the various interactions tha
couple the nuclear spins to the molecular degrees of freed
the magnetic dipole–dipole interaction is unique in tha
can be modulated by both translational and rotational m
tions. If the dipole-coupled spins belong to the same~rigid!
molecule, only the orientation of the internuclear vector c
fluctuate and the only relevant molecular motion is rotati
The theoretical treatment of this intramolecular case is r
tively straightforward. If the coupled spins belong to diffe
ent molecules, also the length of the internuclear vector
fluctuate. The treatment of this intermolecular case is m
complicated, involving not only the rotation of the two mo
ecules but also their relative translational motion.

In the first theoretical analysis of intermolecular dipo
relaxation, the translational motion was modeled as a rand
walk on a lattice.2 For liquids, a continuous diffusion mode
is more appropriate. To prevent the dipole interaction fr
diverging, it is then necessary to introduce a distance of c
est approach between the two spins. In the first continu
treatment, this was done by introducing a step-function p
correlation function.1 Subsequently, a fully consistent trea
12370021-9606/2003/119(23)/12372/14/$20.00
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ment was presented,3,4 where the molecular excluded volum
was introduced via a reflection boundary condition for t
diffusion equation, thereby ensuring that the diffusion prop
gator evolves towards the correct~step-function! equilibrium
pair correlation function. The model was further elabora
by allowing the spins to be located away from the molecu
center,5 in which case also molecular rotation modulates
intermolecular dipole coupling.~Spin eccentricity had previ-
ously been taken into account in a less general treatmen6!

The diffusion theory of intermolecular dipolar relaxatio
was originally developed with liquids and solutions of sm
molecules in mind. For such applications, it was of inter
to further generalize the model by describing intermolecu
forces in a more realistic way than by an exclud
volume.3,7,8 More recently, the theory has been used to int
pret the intermolecular nuclear Overhauser effect~NOE! pro-
duced by dipolar cross-relaxation between macromolec
and solvent spins. In particular, the interpretation of num
ous intermolecular1H–1H NOE studies of protein hydration
rely on the diffusion theory of intermolecular dipola
relaxation.9–12 The logic underlying the interpretation o
water–protein NOEs goes as follows. Because the dipo
dipole coupling decays with the inverse third power of t
internuclear separation, the cross-relaxation rate, which
volves the square of the dipole coupling, is short-rang
2 © 2003 American Institute of Physics
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Accordingly, intramolecular NOEs are usually observed o
for protons separated by less than 4 or 5 Å.9–12 For the same
reason it is generally assumed9–12 that, although the water1H
resonance is due to all water molecules in the sample,
intermolecular NOE is due to only one or a few water m
ecules near the monitored protein proton.

While the square of the dipole coupling between a p
tein proton and a water proton at a distancer scales asr 26,
the number of water protons at a given distancer increases
as r 2 ~ignoring the short-ranged excluded volume effec!.
Moreover, the characteristic time for modulation of the o
entation of the internuclear vectorr by translational diffusion
of a water molecule across a given solid angle also incre
as r 2. The measured cross-relaxation rate, which has co
butions from water protons at all separationsr, is thus ob-
tained by integrating the productr 263r 23r 25r 22 over r.
Consequently, the zero-frequency spectral density that en
the cross-relaxation rate scales as the inverse of the dist
of closest approach,1 rather than as the inverse sixth powe

In the usual interpretation of protein-water NOEs, t
quantity of primary interest is the ratiosL /sR of the
laboratory-frame and rotating-frame cross-relaxation ra
deduced from the measured cross-peak intensities.9–12 With
the aid of the diffusion model5 and plausible values for sev
eral model parameters, the translational diffusion coeffici
DT of the water molecules is extracted. In the final step
water residence time pertaining to a hydration site near
observed protein proton is calculated from the Einste
Smoluchowski relationt res5d2/(6DT), with the root-mean-
square displacementd taken as 4 Å.11,12 The validity of this
procedure rests on the assumption that the NOE is sh
ranged. However, as argued here, this is not the case. U
most conditions, the NOE is thus governed largely by
diffusion of bulk water molecules that are not affected by
protein. Given the long-range nature of the NOE, a con
tent interpretation of experimental NOE data in terms of h
dration dynamics requires a model that allows the water
fusion coefficient in the hydration layer next to the prote
surface to differ from that in the bulk solvent. It is therefo
necessary to generalize the diffusion model of intermolec
dipolar relaxation to the case of a solvent with nonunifo
mobility.

The derivation of the spectral density function for t
nonuniform diffusion model is presented in Sec. II. In t
first three subsections, we formulate the model and define
mathematical problem. In the process, we present a n
treatment of translation-rotation decoupling. In the followi
subsections, we obtain exact analytical solutions of four
ferent versions of the model, including the known case
unrestricted uniform diffusion~Sec. II D!. Different bound-
ary conditions are used to examine the range of the inter
lecular NOE~Sec. II E! and to model surface accumulatio
of solvent species such as counterions or cosolvents~Sec.
II F!. In Sec. II G, we present the spectral density for a s
vent with a step-function mobility profile. The results o
tained in Sec. II are illustrated in Sec. III by numerical c
culations pertaining to cross-relaxation between water
protein protons. In particular, we examine the range of
spectral density and cross-relaxation rates, as well as
Downloaded 06 Dec 2003 to 130.235.129.13. Redistribution subject to A
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dependence on geometrical and dynamic model parame
We also investigate the interplay of intramolecular and int
molecular NOE contributions, the former arising form buri
water molecules or labile protein protons in fast exchan
with bulk water. Finally, in Sec. IV, we discuss the implic
tions of the theoretical results for the use of intermolecu
NOEs to study macromolecular solvation.

II. THEORY

A. Dynamic model

We consider the spin relaxation induced by magne
dipole–dipole couplings between a macromolecular spiI
and NS solvent spinsS ~see Fig. 1!. The I spin is located a
distancer from the center of a spherical macromolecule
radiusaI . EachS spin is located at the center of a spheric
solvent molecule of radiusaS . The distance of closest ap
proach between the centers of theI and S spheres isb5aI

1aS . The I –S internuclear vectorr has a magnituder that
ranges fromd5b2r, the distance of closest approach of t
I and S spins, to infinity. Because theI spin is located off-
center, the length and orientation of the internuclear vecto
modulated by two distinct motions: rotational diffusion
the macromolecule, with rotational diffusion coefficientDR ,
and translational diffusion of the macromolecule and solv
molecules, withrelative translational diffusion coefficien
DT . In all previous treatments, it has been assumed thatDT

is spatially uniform. The essential new element of the pres
analysis is to allow for a dynamic perturbation of solve
near the macromolecule. We thus stipulate that the rela

FIG. 1. Definition of model parameters. The parameterc serves both to
locate the absorbing~Sec. II E! or reflecting ~Sec. II F! boundary and to
define the thickness of the solvation shell with perturbed dynamics~Sec.
II G!.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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diffusion coefficient takes the valueDT
(1) when the center of

the S sphere is within a distanced5c2b of the accessible
surface of theI sphere and a valueDT

(0) elsewhere~see Fig.
1!.

Within the motional-narrowing regime,1 the spin relax-
ation behavior is fully determined by the rank-2 spectral d
sity function ~SDF! J(2)(v). In general, the rank-L SDF
J(L)(v) is the real part of the complex-valued SD
J_(L)(v), defined as the Fourier–Laplace transform of t
corresponding time autocorrelation function~TCF! G(L)(t):

J ~L !~v!5E
0

`

dt exp~2 ivt!G~L !~t !. ~2.1!

The TCF for intermolecular dipolar coupling toNS S spins,
whose motions are taken to be uncorrelated, is given by

G~L !~t !54pNS^FL,0~r0!FL,0~r !&. ~2.2!

The angular brackets in Eq.~2.2! signify an ensemble aver
age andFL,0(r ) is a rank-L solid harmonic

FL,0~r !5r 2~L11!YL,0~V!, ~2.3!

whereYL,0(V) is the corresponding spherical harmonic a
V denotes the spherical polar angles that specify the or
tation of the internuclear vectorr with respect to the
laboratory-fixed frame.

B. Translation-rotation decoupling

The rank-2 TCF of primary interest here can be writt

G~2!~t !54pNS^F2,0~R02r0!F2,0~R2r!&. ~2.4!

The vectorR connecting the centers of theI and S spheres
~see Fig. 1! is only modulated by translational diffusion
whereas the offset vectorr, of fixed lengthr, is only modu-
lated by rotational diffusion. To an excellent approximatio
macromolecular rotation and solvent–macromolecule r
tive translational diffusion can be treated as statistically
dependent processes. As shown in the Appendix, the
motions are then decoupled in the sense that the TCF ca
expressed as a sum of products of rotational and translati
partial TCFs,5

G~2!~t !5
2p

3 (
L50

`

~L11!~L12!~2L13!r2L

3GR
~L !~t !GT

~L12!~t !. ~2.5!

The purely rotational TCFGR
(L)(t) is given by Eq.~A5! and

the purely translational TCFGT
(L)(t) corresponds to the cas

where also theI spin is located at the center of its sphere

GT
~L !~t !54pNS^FL,0~R0!FL,0~R!&. ~2.6!

Combination of Eqs.~2.1! and ~2.5! yields for the total
SDF,

J ~2!~v!5J T
~2!~v!1

1

6 (
L51

`

~L11!~L12!

3~2L13!r2LJ T
~L12!~vR

~L !!, ~2.7!
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where J T
(L)(v) is the Fourier–Laplace transform of th

translational TCF in Eq.~2.6!. The complex-valued fre-
quencyvR

(L) is defined as

vR
~L !5v2 iL ~L11!DR , ~2.8!

whereDR is the rotational diffusion coefficient of the mac
romolecule.

It is straightforward to generalize the model to allo
also theS spin to be located off-center.5 The additional pa-
rameter thereby introduced would hardly make the mo
more realistic. An off-center location of theS spin only af-
fects the TCF on the picosecond time scale of solvent ro
tion ~see Appendix!, where the force-free diffusion equatio
~see below! is not expected to be quantitatively accura
Here, we focus on the behavior of the TCF on longer tim
scales.

C. Diffusion propagator

The ensemble average in Eq.~2.6! can be expressed as

GT
~L !~t !54pNSE dR0E dR f ~R0!

3 f ~R,tuR0!FL,0~R0!FL,0~R!. ~2.9!

For a solvent of uniform density, the equilibrium probabili
density f (R0) is 1/V for R0>b and zero elsewhere.@For
NS@1, the pair correlation function isg(R)5V f(R).] The
propagatorf (R,tuR0) is taken to obey the force-free diffu
sion equation

]

]t
f ~R,tuR0!5¹•DT~R!¹ f ~R,tuR0! ~2.10!

with the initial condition

f ~R,0uR0!5d~R2R0!. ~2.11!

Combination of Eqs.~2.1! and ~2.9! yields

J T
~L !~v!54pnSE8

dR0E dR f ~R,vuR0!

3FL,0~R0!FL,0~R!, ~2.12!

wherenS5NS /V is theS-spin number density and the prim
means that the integration domain excludes the regionR0

,b. In Eq. ~2.10!, DT is the relative translational diffusion
coefficient of the solvent molecules with respect to the m
romolecule. In a region of uniformDT , the Fourier–Laplace
transformed propagatorf (R,vuR0) satisfies

~¹22k2! f ~R,vuR0!52d~R2R0!/DT ~2.13!

with

k5~ iv/DT!1/2. ~2.14!

The symmetry of the problem requires the general so
tion to Eq.~2.13! to be of the form

f ~R,vuR0!5 (
N50

`

rN~RuR0!PN~cosg!, ~2.15!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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where PN(z) is a Legendre polynomial,g is the angle be-
tweenR and R0 , andrN(RuR0) is a linear combination of
modified spherical Bessel functions:

rN~RuR0!5aN~R0!i N~kR!1bN~R0!kN~kR!. ~2.16!

We now substitute Eqs.~2.3! and ~2.15! into Eq. ~2.12!, ex-
pandPN(cosg) with the aid of the spherical harmonic add
tion theorem, and use the spherical harmonic orthogona
relation to carry out the angular integrations.13 The result is

J T
~L !~v!5

16p2nS

2L11 E
b

`

dR0 R0
12LE

b

`

dRR12LrL~RuR0!.

~2.17!

The remaining mathematical problem is to determine the
efficientsaN(R0) andbN(R0) in Eq. ~2.16! from the bound-
ary conditions on the propagator and, then, to carry out
spatial integrations in Eq.~2.17!.

D. Unrestricted uniform diffusion

Previous treatments have considered the case of an
nite diffusion space with uniform diffusion coefficien
DT .1,3–5 The two boundary conditions are then

]

]R
f ~R,tuR0!uR5b50, ~2.18a!

f ~R,tuR0!uR→`5finite. ~2.18b!

On account of the singularity in Eq.~2.13! at R5R0 , we
must treat the casesR,R0 and R.R0 separately. ForR
,R0 , the boundary condition~2.18a! yields

rL
,~RuR0!5AL@kL8~kb!i L~kR!2 i L8~kb!kL~kR!#,

~2.19a!

wherekL8(kb)5dkL(z)/dzuz5kb . For R.R0 , the boundary
condition ~2.18b! yields

rL
.~RuR0!5BLkL~kR! ~2.19b!

becausei L(kR) diverges forR→`. The Green’s function
that satisfies Eq.~2.13! has the following properties atR
5R0 :

rL
,~R0uR0!5rL

.~R0uR0!, ~2.20a!

]

]R
@rL

,~RuR0!2rL
.~RuR0!#uR5R0

5
2L11

4pR0
2DT

. ~2.20b!

These two relations determine the coefficientsAL andBL in
Eq. ~2.19!.

Inserting these results into Eq.~2.17! and performing the
integrations~with the integration domain subdivided to avo
the singularity atR5R0), we obtain forL>1;

J T
~L !~v!5

4pnS

DTb2L23

1

z2 H 1

2L21
2

~L11!

z2

3F11
~L11!

z

KL11/2~z!

KL21/2~z!G
21J , ~2.21!

whereKn(z) is a modified Bessel function and
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DT
D 1/2

. ~2.22!

In particular, the rank-2 SDF becomes

J T
~2!~v!5

16pnS

27DTbF 11
1

4
z

11z1
4

9
z21

1

9
z3
G ~2.23!

in accord with the known result.3,4

E. Restricted uniform diffusion with absorbing
boundary

One of our objectives here is to determine the contrib
tion to the SDFJ(2)(v) from relatively distantS spins. A
convenient way to assess the importance of such long-ra
dipolar couplings is to introduce an absorbing boundary a
variable radial distancec from the center of the macromol
ecule~see Fig. 1!. In this way, we can isolate the contributio
to J(2)(v) from solvent spins located in the shellb<R<c.
Mathematically, this is accomplished by replacing E
~2.18b! by the absorption boundary condition

f ~R,tuR0!uR5c50. ~2.24!

Furthermore, the equilibrium probability densityf (R0) is
now 1/V for b<R0<c and zero elsewhere. This simpl
means that the upper integration limit forR0 and R in Eq.
~2.17! now is c rather than infinity. The boundary conditio
~2.24! is satisfied by

rL
.~RuR0!5BL@kL~kc!i L~kR!2 i L~kc!kL~kR!#.

~2.25!

The coefficientsAL in Eq. ~2.19a! andBL in Eq. ~2.25! are
determined by the matching conditions~2.20!.

Proceeding as in the unrestricted case, we obtain fr
Eq. ~2.17!,

J T
~L !~v!5

4pnS

DTb2L23

1

z2 S 12l2L21

2L21
2

~L11!~11l2L11!

z2

1
1

QL~ i 8k! H 2~L11!lL11

z4 2
~L11!2

z3 QL~ ik !

2
l2L

z
QL~ i 8k8!J D ~2.26!

with

QL~ ik !5 i L~z!kL~z/l!2kL~z!i L~z/l!, ~2.27a!

QL~ i 8k!5 i L8~z!kL~z/l!2kL8~z!i L~z/l!, ~2.27b!

QL~ i 8k8!5 i L8~z!kL8~z/l!2kL8~z!i L8~z/l!, ~2.27c!

and

l5b/c. ~2.28!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



s

o
-

e
e.

r
lv-
o
.g

b
in
l-
o

e
s

ed
ion
x-
d in
-
r’’

ned
us
ors

face

ate

he

ti-

12376 J. Chem. Phys., Vol. 119, No. 23, 15 December 2003 Bertil Halle
In the limit c→`, Eq. ~2.26! reduces to Eq.~2.21!, as re-
quired. In the limitc→b, we haveQL5z22 and J T

(L)(v)
50, as expected. ForL52, Eq. ~2.26! yields in the zero-
frequency limit,

JT
~2!~0!5

16pnS

27DTb F12
l~81230l215l4124l5!

16~312l5! G .
~2.29!

F. Restricted uniform diffusion with reflecting
boundary

Throughout this work, we consider only force-free tran
lational diffusion and, by implication, a spatially uniform
distribution of solvent molecules. This description may n
be appropriate forS spins belonging to one of the compo
nents of a binary~or multicomponent! solvent, for example,
counterions of a highly charged macromolecule or cosolv
molecules that accumulate at the macromolecular surfac
such cases, the force-free diffusion equation should be
placed by a Smoluchowski equation with a drift term invo
ing the mean force acting on the spin-bearing solvent m
ecules. In general, this can only be done numerically, e
using a finite-difference approach.3,14 If most of theS spins
are confined to the surface region, a somewhat crude,
analytical, description is obtained by imposing a reflect
boundary at a distancec from the center of the macromo
ecule. TheS spins are thus confined to a surface layer
thicknessc–b.

The treatment for this case closely parallels that in S
II E, except that the second boundary condition now read

]

]R
f ~R,tuR0!uR5c50. ~2.30!

This condition is satisfied by

rL
.~RuR0!5BL@kL8~kc!i L~kR!2 i L8~kc!kL~kR!#.

~2.31!

The coefficientsAL in Eq. ~2.19a! andBL in Eq. ~2.31! are
determined by the matching conditions~2.20! as before. Not-
ing that theSspin number density now depends onc accord-
ing to nS53NS /@4p(c32b3)#, we obtain with Eq.~2.17!,

J T
~L !~v!5

3NS

DTb2L~l2321!

1

z2 S 12l2L21

2L21

2
~L11!~12l2L11!

z2 2
~L11!2

z3QL~ i 8k8!

3H QL~ ik8!1l2L12QL~k8i !1
2lL12

z2 J D ,

~2.32!

with l andQL( i 8k8) as defined in Sec. II E, and

QL~ ik8!5 i L~z!kL8~z/l!2kL~z!i L8~z/l!, ~2.33a!

QL~k8i !5kL8~z!i L~z/l!2 i L8~z!kL~z/l!. ~2.33b!

In the limit c→`, Eq. ~2.32! reduces to Eq.~2.21!, as re-
quired. In the limitc→b, the real part of Eq.~2.32! yields
the rank-L SDF for surface diffusion on a sphere,15
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JT
~L !~v!5

NS

b2L12

tsd
~L !

11~vtsd
~L !!2 ~2.34!

with the rank-L surface-diffusion correlation timetsd
(L)

5b2/@L(L11)DT#.

G. Unrestricted nonuniform diffusion

An important motivation for the present work is the ne
for a consistent theoretical treatment of dynamic solvat
effects in the context of intermolecular dipolar spin rela
ation. To this end, we generalize the dynamic model use
Secs. II D–II F by allowing the relative translational diffu
sion coefficient to take different values in a ‘‘solvation laye
of thicknessc–b and in the ‘‘bulk’’ solvent. We thus stipu-
late that

DT5H DT
~1! , b<R,c

DT
~0! , R>c.

~2.35!

The Fourier–Laplace transformed propagator is obtai
by solving Eq. ~2.13! separately for each homogeneo
region and then matching the resulting propagat
f (0)(R,vuR0) and f (1)(R,vuR0) by requiring that they and
the associated fluxes vary continuously across the sur
R5c.14 We thus impose the continuity conditions

rL
~1!~cuR0!5rL

~0!~cuR0!, ~2.36a!

DT
~1!

]

]R
rL

~1!~RuR0!uR5c5DT
~0!

]

]R
rL

~0!~RuR0!uR5c .

~2.36b!

For each of the two propagators, we must investig
separately the cases whereR0 is ,c or .c and whereR0 is
,R or .R. Altogether, we must therefore determine t
expansion coefficients in Eq.~2.16! in six cases. After a
lengthy calculation, we obtain from Eq.~2.17!,

J T
~L !~v!5

4pnS

DT
~0!b2L23

1

z0
2 S 1

2L21
1lL21z1QL21~ ik !

2
1

TL
k H l2L22z0kL21~z0 /l!XL

1Fz1YL2
2lL11

z0
kL21~z0 /l!GVLJ D , ~2.37!

where we have introduced the following auxilliary quan
ties:

QL21~ ik !5 i L21~z1!kL21~z1 /l!

2kL21~z1!i L21~z1 /l!, ~2.38a!

SL
kk5gkL8~z0 /l!kL~z1 /l!2kL~z0 /l!kL8~z1 /l!,

~2.38b!

SL
ki5gkL8~z0 /l!i L~z1 /l!2kL~z0 /l!i L8~z1 /l!, ~2.38c!

SL
ik5g i L8~z0 /l!kL~z1 /l!2 i L~z0 /l!kL8~z1 /l!, ~2.38d!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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SL
ii 5g i L8~z0 /l!i L~z1 /l!2 i L~z0 /l!i L8~z1 /l!, ~2.38e!

TL
k5kL8~z1!SL

ki2 i L8~z1!SL
kk , ~2.38f!

TL
i 5kL8~z1!SL

ii 2 i L8~z1!SL
ik , ~2.38g!

UL21
k 5kL21~z1!2lL21kL21~z1 /l!, ~2.38h!

UL21
i 5 i L21~z1!2lL21i L21~z1 /l!, ~2.38i!

VL5kL8~z1!UL21
i 1 i L8~z1!UL21

k , ~2.38j!

XL5 i L21~z0 /l!TL
k1kL21~z0 /l!TL

i , ~2.38k!

YL5SL
kkUL21

i 1SL
kiUL21

k . ~2.38l!

The quantitiesz0 and z1 are defined as in Eq.~2.22!, but
with DT replaced by either of the diffusion coefficients in E
~2.35!. Finally, l5b/c as before and

g5@DT
~0!/DT

~1!#1/2. ~2.39!

In the special caseDT
(0)5DT

(1) , Eq. ~2.37! reduces correctly
to Eq. ~2.21!.

III. CALCULATIONS

In this section, we use the theoretical results of Sec. I
calculate the rank-2 SDF and the cross-relaxation rates
can be determined from nuclear Overhauser effect~NOE!
experiments.16 To facilitate comparison with experimenta
results, all calculated SDFs have been multiplied by the
polar coupling constant

KIS5S m0

4p
\g IgSD 2

. ~3.1!

Here,g I andgS are the magnetogyric ratios of the two n
clides andm0 is the vacuum permeability. All calculation
refer to the homonuclear1H–1H case, withg I5gS52.675
3108 rad (T s)21.

The cross-relaxation rates measured in the labora
~Zeeman! and the rotating~spin-locked! frames are related to
the rank-2 SDF as16

sL5KIS@0.6 J~2!~v I1vS!20.1 J~2!~v I2vS!#, ~3.2a!

sR5KIS@0.3 J~2!~v I !10.2 J~2!~v I2vS!#, ~3.2b!

wherev I andvS are the angular Larmor frequencies of t
two spins. In the homonuclear case,v I5vS52pn0 . Unless
otherwise noted, the model parameters have been assi
the values given in Table I, which are representative fo
solvent-exposed1H spin in a small protein in water at room
temperature, investigated by1H–1H NOE measurements at
1H resonance frequency of 600 MHz.

For reference, we recall that the SDF for an isolated s
pair I –S with internuclear vectorr of fixed length r and
tumbling isotropically with rank-2 rotational correlation tim
tR is1

J~2!~v!5
1

r 6

tR

11~vtR!2 . ~3.3!

This case is commonly referred to as intramolecular dipo
relaxation. For a strong1H–1H dipole coupling, with r
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53 Å and tR57 ns, Eqs.~3.2! and ~3.3! yield KISJ(0)
55.47 s21, sL520.546 s21, and sR51.10 s21. The ratio
of the intramolecular cross-relaxation rates issL /sR

520.498, close to the slow-motion limit of21/2. In the
opposite, fast-motion or extreme-narrowing, lim
sL /sR51.

A. Uniform diffusion

Because of ther 26 dependence in Eq.~3.3!, the intramo-
lecular NOE is short-ranged: if theI spin couples to severalS
spins in the same molecule, the NOE tends to be domina
by the nearestS spin. The case of an intermolecular NO
between a macromolecular spinI and many solvent spinsS is
qualitatively different in two ways. First, the high uniform
density of solvent spins effectively extends to infinity. Whi
distant S spins are only weakly coupled to theI spin, the
number ofS spins at a given distancer increases asr 2. The
distance-dependent factorr 26 in Eq. ~3.3! is thereby
changed tor 24. Second, in contrast to the intramolecul
case, the orientational randomization of differentr vectors
takes place on different time scales. Qualitatively, the r
evant time scale is given by the correlation time for surfa
diffusion on a sphere of radiusr. As noted below Eq.~2.34!,
this correlation time is proportional tor 2. The total contri-
bution to the zero-frequency SDFJ(2)(0) from I –S spin
pairs at different separationsr is therefore obtained, not by
summingr 26 terms, but by integratingr 263r 23r 25r 22.
As a result, the intermolecular NOE, which involve
J(2)(0), becomes long-ranged.

The effect of long-range dipole couplings on the SD
can be examined quantitatively by the mathematical dev
of imposing an absorbing boundary at a variable distancc
from the center of theI sphere. In this way, we can isolat
the contribution to the SDF fromS spins located within a
spherical shell extending a distanced5c–b out from the
solvent-accessible surface of the macromolecule~see Fig. 1!.
The solid curve in Fig. 2 is the SDF with contributions fro
all solvent spins included, while the dashed curves are
tained if we only include solvent spins within a shell of th
indicated thicknessd. At high frequencies, where the SD
only samples fast motions, slowly modulated long-range
pole couplings do not contribute much. However, even at

TABLE I. Default parameter values used in calculations.

Parameter Symbol Value Units

Solvent spin number densitya nS 2/30 Å23

Solvent-accessible solute radius b 15 Å
Distance of closestI –S approach d 3 Å
Thickness of solvation layer d 3 Å
Bulk solvent diffusion coefficientb DT

(0) 231029 m2 s21

Dynamic perturbation in solvation layer DT
(0)/DT

(1) 5 ¯

Solute rotational correlation timec tR 7 ns
Larmor frequency n0 600 MHz
Dipolar coupling constantd KIS 5.731011 Å6 s22

aProton density in water at 20 °C.
bFor water at 20 °C.
cEstimated for a globular macromolecule of radiusb in water at 20 °C.
dFor two protons.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



n-
cy

he
t

e
d
t t

l-
e
ded
on-

the
cro-

l

the

a
is

-

w-

-

is-

the

the

so
or-

ffi-

ec

sio
pe
a

12378 J. Chem. Phys., Vol. 119, No. 23, 15 December 2003 Bertil Halle
GHz @the frequency sampled byJ(2)(2v0) in a 600 MHz
NOE experiment#, solvent spins 10 Å from the surface co
tribute significantly. More importantly, the zero-frequen
spectral densityJ(2)(0) has substantial contributions from
solvent spins well beyond 30 Å. This is in contrast to t
generally held view11,12 that only water molecules in the firs
hydration layer (d'3 Å) contribute significantly to the
NOE.

The convergence of the SDF as more distant solv
spins are included is shown in Fig. 3 at zero frequency an
1.2 GHz. In the inset, the same SDFs are plotted agains
numberNW of contributing water molecules, obtained fromd
with the aid of the geometric relation

FIG. 2. Spectral density functionJ(2)(n) for unrestricted uniform diffusion
with parameter values from Table I~solid curve! and with an absorbing
boundary 3, 10, or 30 Å outside the accessible surface of the macromol
~dashed curves!.

FIG. 3. Relative spectral densityJ(2)(n;d)/J(2)(n;`) at n50 and n52
3600 MHz vs the position of an absorbing boundary, at a distanced outside
the accessible surface of the macromolecule. Unrestricted uniform diffu
with parameter values from Table I. The inset shows the same relative s
tral densities vs the number of water molecules inside the diffusion sp
boundary atc5b1d.
Downloaded 06 Dec 2003 to 130.235.129.13. Redistribution subject to A
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3
@~b1d!32b3#, ~3.4!

whereVW530 Å3 is the volume occupied by one water mo
ecule. It is seen thatJ(2)(0) has reached only half of th
converged value when 2 000 water molecules are inclu
and that 200 000 water molecules are required for 90% c
vergence. The asymptotic convergence ofJ(2)(0) is slow:
NW

21/3. Because of the eccentric location of theI spin, all S
spins at a given distance from the surface will not make
same contribution to the SDF. However, because the ma
molecular radius is only 15 Å, the asymptotic~large NW)
behavior ofJ(2)(0) would hardly be affected if the spherica
absorbing boundary were centered on theI spin.

Figure 4 illustrates the dependence of the SDF on
distance of closest approach,d5b2r, between theI spin
and anS spin ~see Fig. 1!. For water at the surface of
biomolecule,d is rarely less than 3 Å. The maximum value
d5b515 Å, corresponding to a centeredI spin. In the in-
tramolecular case, Eq.~3.3!, this range of internuclear sepa
rations corresponds to a factor (15/3)6515 625 variation of
the SDF. In the intermolecular case shown in Fig. 4, ho
ever, the SDF only varies by factor 2.4~at zero frequency! or
11 ~at 1.2 GHz!. This is another manifestation of the long
range nature of the intermolecular SDF, where the fewS
spins withr'd contribute less than the numerous more d
tant S spins.

In Fig. 5, we examine the dependence of the SDF on
rank-2 rotational correlation timetR56(DR)21 of the mac-
romolecule. The default valuetR57 ns, used in all other
figures, is seen to be close to the static limit. Unless
macromolecule is much smaller~like an oligopeptide! or sol-
vent diffusion is much slower~as for water molecules
trapped in deep surface pockets!, the intermolecular SDF is
hardly affected by the rotation of the macromolecule. Al
the translational motion of the macromolecule is unimp
tant. The relative translational diffusion coefficientDT is the
sum of the macromolecular and solvent diffusion coe

ule

n
c-

ce

FIG. 4. Spectral densityJ(2)(n;d) at n50 and n523600 MHz vs the
distance of closest approachd5b–r between theI spin and anS spin.
Unrestricted uniform diffusion with parameter values from Table I.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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cients, but forb>15 Å the former contributes less than 10%
In the limit of very fast macromolecular rotation~shorttR),
the I spin eccentricity is averaged out and the SDF
proaches the value calculated with a centeredI spin ~see Fig.
5!. For this reason, our neglect ofS spin eccentricity has
virtually no effect on the SDF at the frequencies of inter
~see Appendix!.

B. Nonuniform diffusion

Close to the macromolecular surface, solvent diffusion
expected to be slower than in the bulk.17 This dynamic per-
turbation is short-ranged, essentially confined to the fi
layer of solvent molecules. We model this effect by assign
a diffusion coefficientDT

(1) , lower than the bulk valueDT
(0) ,

to Sspins located in a surface layer of thicknessd53 Å. As
seen from Fig. 6, such dynamic solvation effects are
strongly manifested in the SDF. Even a tenfold retardat
only doublesJ(2)(0). For thevast majority of water mol-
ecules at a macromolecular surface, we expect
DT

(0)/DT
(1)'2 ~Refs. 17, 18! and the effect on the SDF is the

merely 20%.
In intermolecular NOE studies of biomolecular hydr

tion, information about hydration dynamics is usually d
duced from the ratiosL /sR of the two cross-relaxation rates
Figure 7 shows that the dynamic solvation effect on this ra
is even smaller than on the SDF. Ironically,sL /sR is par-
ticularly insensitive to solvation dynamics at the Larmor fr
quencies used in most intermolecular NOE studies. At 6
MHz, a tenfold retardation of solvent dynamics at the m
romolecular surface only reducessL /sR from 0.438 to
0.395, a variation that is smaller than the typical experim
tal error. At 500 MHz, the corresponding variation is ev
smaller: from 0.482 to 0.474. Note that these variations
in the opposite direction from what one might expect
analogy with intramolecular NOEs. The reason for the ins
sitivity of sL /sR to dynamics in the solvation layer is tha

FIG. 5. Spectral densityJ(2)(n;tR) at n50 and n523600 MHz vs the
rank-2 rotational correlation timetR . Unrestricted uniform diffusion with
parameter values from Table I. The arrows correspond to the case
centeredI spin ~left! and to the static (DR50) limit ~right!.
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the cross-relaxation rates are dominated by long-range di
couplings to more distant solvent spins, as demonstrated
the dashed curve in Fig. 7.

Figure 8 shows that the remarkable insensitivity of t
ratio sL /sR to the mobility of water molecules in the firs
hydration layer persists for all relevant values of the dista
of closest approach,d. ~In Fig. 7, we usedd53 Å.) Only
when the translational retardation factorDT

(0)/DT
(1) exceeds

10 doessL /sR decrease significantly. WhereassL /sR is
insensitive to solvation dynamics, Fig. 8 shows that it d
pends more strongly on solvent accessibility, modeled h
by the distance of closest approach. In fact,sL /sR is an
order of magnitude more sensitive tod variations in the
range 2.5–7.5 Å than toDT

(0)/DT
(1) variations in the range

a

FIG. 6. Spectral density functionJ(2)(n) for unrestricted nonuniform diffu-
sion. Parameter values from Table I and the translational mobility in
solvation layer retarded by a factor 1, 2, 5 or 10.

FIG. 7. Ratio of the homonuclear laboratory-frame (sL) and rotating-frame
(sR) cross-relaxation rates vs the Larmor frequency. Unrestricted non
form diffusion with parameter values from Table I and the translatio
mobility in the solvation layer retarded by a factor 1, 2, 5 or 10. The das
curve corresponds to uniform diffusion with an absorbing boundary 3
outside the accessible surface of the macromolecule.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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1–10. Thed dependence in Fig. 8 contrasts with the intram
lecular case, where the strongd26 dependence ofsL andsR

cancels out in the ratio. The dependence ofsL andsR ~and
their ratio! on the distance of closest approach has been
vestigated previously by calculations based on the unifo
diffusion model ~with centered spins! and a model with a
planar surface~and truncation of the aqueous region at
Å!.19

If the molecular species carrying theSspins are strongly
attracted by the macromolecular surface, virtually allSspins
will be found in a surface layer of thicknessd. There are then
no long-range dipole couplings that can obscure the effec
solvation dynamics. This situation can be modeled by
outer reflecting boundary a distanced outside the solvent-
accessible macromolecular surface. As expected, Fig. 9
veals a pronounced dynamic solvation effect onsL /sR ,
along with a considerable accessibility effect~d dependence!.
The difference between confinement to a 3 Å layer and true
surface diffusion (d→0) is seen to be small~dashed curves!.
Even a 10 Å layer does not deviate much from the surf
diffusion limit. The ratiosL /sR is sensitive to solvation dy
namics only when surface diffusion is fast enough to co
pete with rotational diffusion, i.e., whentsd

(2)5b2/(6DT)
,tR . For the parameter values used in Fig. 9, this me
DT.5310211 m2 s21. The surface diffusion limit should be
applicable to counterions and certain cosolvents that a
mulate strongly at the macromolecular surface without lo
lived association at specific binding sites.

C. Long-lived association

Up to now, we have considered dipole couplings b
tween a macromolecularI spin and a large numberNS of S
spins in solvent molecules undergoing force-free tran
tional diffusion. In addition to these mobile solvent species
smaller numberNM of S spins may reside at specific macr
molecular sites. Even if these specifically boundS spins ex-

FIG. 8. Ratio of the homonuclear laboratory-frame (sL) and rotating-frame
(sR) cross-relaxation rates vs the translational retardation factorDT

(0)/DT
(1) .

Unrestricted nonuniform diffusion with parameter values from Table I a
the indicated distance of closest approachd.
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change with the pool of mobileSspins at a sufficient rate to
contribute to the observedS resonance, they may experienc
a substantial exchange barrier. The translational motion
such species is better described by a discrete exchange m
than by a force-free diffusion equation. In the case where
mobile S spins are water protons, the specifically boundS
spins may be of three kinds:~1! labile macromolecular pro-
tons, such as carboxyl, hydroxyl, ammonium or guandini
protons in amino acid side-chains;~2! protons belonging to
internal water molecules trapped in cavities within the m
romolecule; and~3! protons in water molecules located
pockets on the macromolecular surface. The two first clas
of protons generally have residence times much longer t
the rotational correlation timetR of the macromolecule and
therefore constitute efficient relaxation sinks.17,20,21The third
class of protons typically have residence times of or
10210 s.17,20,21

In the presence of freely diffusing as well as specifica
boundS spins, the SDF can be calculated as the real par

J ~2!~v!5J mobile
~2! ~v!1 (

k51

NM 1

r k
6

tC,k

11 ivtC,k
. ~3.5!

The first term, due to mobileS spins, is calculated as de
scribed in Sec. II. The second term is a sum over allNM

specifically boundS spins withI –S internuclear vectorsr k .
These are treated as intramolecular dipole couplings, jus
in Eq. ~3.3!, but with the difference that translational motio
~exchange with mobileS spins! is incorporated via the cor
relation timetC,k , determined by the rotational correlatio
time tR and the mean residence timetM ,k through20

1

tC,k
5

1

tR
1

1

tM ,k
. ~3.6!

d

FIG. 9. Ratio of the homonuclear laboratory-frame (sL) and rotating-frame
(sR) cross-relaxation rates vs the translational diffusion coefficientDT .
Restricted uniform diffusion within a layer of thicknessd53 Å ~reflecting
outer boundary!, distance of closest approachd53, 4 or 6 Å, and other
parameter values from Table I. The dashed curve for eachd value refers to
the surface diffusion limit. The dashed–dotted curve corresponds td
54 Å and layer thicknessd510 Å.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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This simple treatment of specifically boundS spins is valid
provided that we can neglect the effects of dynamic cro
correlations among differentr k vectors as well as any inter
nal motions of these vectors.20 Furthermore, we have as
sumed thatNM!NS .

Figure 10 shows the effect on the SDF of two long-liv
(tM@tR) Sspins at a distancer M of 6, 8 or 10 Å from theI
spin, in addition to a large~effectively infinite! number of
freely mobileSspins with a five-fold dynamic retardation i
the hydration layer (d53 Å). These two long-livedS spins
might represent a water molecule buried in an internal ca
or two macromolecular hydroxyl protons. In addition to t
broad dispersion centered near 1 GHz, due to translati
diffusion of mobileS spins, there is now also a Lorentzia
dispersion centered at 20 MHz, reflecting macromolecu
tumbling. The low-field dispersion does not affect the sp
tral densitiesJ(2)(v0) and J(2)(2v0), which typically are
dominated by motional frequencies in the GHz range. Ho
ever, the zero-frequency spectral densityJ(2)(0) is strongly
affected by even a small number of relatively remote,
long-lived,S spins.

In intermolecular NOE studies of protein hydration, it
customary to neglect the effect of labile protons further th
4 Å from the observedI spin.9,10 Figure 11 shows that this
convention is inappropriate. Even two long-lived protons 6
from theI spin has a substantial effect on the cross-relaxa
rates, changing the ratiosL /sR from about 0.5 to 0~at 600
MHz!. The value of the cutoff radius is critical: By changin
it from 4 to 8 Å, say, we increase the excluded volume b
factor 8. For the protein BPTI, which has served as tes
ground for intermolecular NOE studies,9,10 97% of all mac-
romolecular protons are within 8 Å of one ormore protons in
side-chain hydroxyl, ammonium or guanidinium groups or
one of the four buried water molecules. Figure 12 shows
combined effect of the distance of closest approach,d, for
the mobileS spins, and of the number and distance of lon
lived S spins. For d53 – 5 Å, the mobileS spins yield

FIG. 10. Spectral density functionJ(2)(n) for unrestricted nonuniform dif-
fusion in the presence of two long-lived (tM@tR) S spins at a distancer M

from theI spin. Parameter values from Table I. The dashed curve is obta
in the absence of long-livedS spins.
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sL /sR values in the range 0.2–0.5. However, when the
fect of a few long-livedSspins is included,sL /sR becomes
negative and may even approach the slow-motion limit
21/2.

The ratiosL /sR is often used as a residence time ind
cator for water molecules interacting with biomolecules.9–12

For a Lorentzian SDF, the zero-crossing ofsL occurs at a
correlation timetC5A5/(4pn0), which equals 0.30 ns at
Larmor frequency of 600 MHz. IftR is much longer, Eq.
~3.6! shows thattC may be identified with the residence tim
tM . This intramolecular case corresponds to the dash
dotted curve in Fig. 13. Note that this curve does not dep
on the numberNM of site-boundSspins or on their distance

ed

FIG. 11. Homonuclear laboratory-frame (sL) and rotating-frame (sR)
cross-relaxation rates vs the Larmor frequency. Unrestricted nonuniform
fusion in the presence of two long-livedSspins at a distancer M56 Å from
the I spin. Parameter values from Table I. The dashed curves are obtain
the absence of long-livedS spins.

FIG. 12. Ratio of the homonuclear laboratory-frame (sL) and rotating-
frame (sR) cross-relaxation rates vs the distance of closest approacd.
Unrestricted nonuniform diffusion in the presence of two long-livedSspins
at r M55 Å or 6 long-livedSspins atr M57 Å. Parameter values from Tabl
I. The dashed curve is obtained in the absence of long-livedS spins.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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r M from theI spin. In the absence of such site-boundSspins,
the mobileS spins yieldsL /sR50.47 ~the dashed line in
Fig. 13! for DT

(0)/DT
(1)52, which is a plausible value whe

water molecules in deep surface pockets are excluded17,18

i.e., the water molecules with residence timetM that are
treated explicitly in Fig. 13.

The three solid curves in Fig. 13 show howsL /sR de-
pends on the residence timetM and distancer M of a single
relatively long-lived water molecule in the presence of t
mobileSspins. These curves must fall between the two li
iting cases, represented by the dashed horizontal line and
dashed–dotted Lorentzian curve. With increasing reside
time tM , sL /sR goes from the former to the latter limit. A
a consequence,sL /sR increases withtM below about 0.1 ns
This behavior contradicts the widespread notion that slo
hydration dynamics corresponds to smallersL /sR , which is
not generally true. Figure 13 shows that a single water m
ecule affectssL /sR significantly only if its residence time is
longer than about 0.2 ns. Furthermore, the zero-crossing
pends strongly on the distance of this water molecule fr
the I spin, increasing by an order of magnitude whenr M goes
from 3 to 5 Å. Finally, we note that the results in Fig. 13 a
valid only in the absence of contributions from long-live
(tM@tR) S spins. As noted above, this is an unlikely situ
tion.

IV. DISCUSSION

During the past 15 years, biomolecular hydration h
been thoroughly investigated by two different NMR tec
niques: magnetic relaxation dispersion~MRD! of the quadru-
polar 2H and 17O nuclides in the water molecule20,21 and
intermolecular1H–1H NOEs.11,12 Neither method can sepa
rate hydration water from bulk water in the NMR spectru
because fast water exchange makes the water (1H, 2H or

FIG. 13. Ratio of the homonuclear laboratory-frame (sL) and rotating-
frame (sR) cross-relaxation rates vs the residence timetM of two Sspins at
a distancer M53, 4 or 5 Å from theI spin. Unrestricted nonuniform diffu-
sion with parameter values from Table I, butDT

(0)/DT
(1)52. The dashed line

is obtained in the absence of long-livedSspins and the dashed–dotted cur
with only the long-livedS spins.
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17O) resonance degenerate. Nevertheless, different class
water molecules can be identified and characterized. In
MRD method, a dynamic selection is accomplished by
ploiting the fact that water molecules with different rot
tional correlation times give rise to characteristic frequen
dependencies~dispersions! in the longitudinal relaxation
rate.20,21 In the NOE method, the selection is more comp
cated, being dependent on both the mobility and proximity
water molecules to protein protons with resolved1H reso-
nances. While the MRD and NOE methods are we
established and complementary tools for identifying a
characterizing internal water molecules buried inside p
teins, their application to the study of surface hydration p
sents experimental challenges as well as theoretical p
lems. The present theoretical analysis of intermolecu
dipolar cross-relaxation between macromolecular and
vent spins has important implications for NOE studies
biomolecular hydration. Rather than attempting a detai
reassessment of published NOE data~to appear elsewhere!,
we conclude with some general observations.

The crucial point made here is that intermolecular NO
to solvent spins are of long range. NOEs involving t
solvent-exposed protons at the macromolecular surf
therefore tend to be dominated by long-range dipole c
plings to a very large number of water molecules in the b
solvent region. As a consequence, NOEs can provide little
no information about the vast majority of water molecul
interacting with the macromolecular surface. In the pa
NOE data on surface hydration have been interpreted
terms of variants of the intramolecular model or in terms
the uniform diffusion model.5 These models are inappropr
ate; the former because they ignore the dominant long-ra
contribution and the latter because it assigns the same d
sion coefficient to all water molecules in the system.

In the usual analysis of intermolecular NOEs with t
aid of the uniform diffusion model,9–12 the ratiosL /sR is
converted to a water diffusion coefficient by means of a s
moidal curve like that in Fig. 14. For example, with th
parameter values used in Fig. 14,sL /sR50.2 corresponds
according to the uniform diffusion model, to a diffusion c
efficient DT50.8331029 m2 s21. However, this value per-
tains to all water molecules and therefore cannot serve
measure of hydration dynamics. For the samesL /sR value,
the nonuniform model yieldsDT

(1)50.1031029 m2 s21.
This corresponds to a retardation factor of 20, an order
magnitude more than expected for exposed surface sites17,18

For exposed surface protons of the small protein BP
sL /sR values in the range 0.1–1.0 have been reported.22 In
contrast, with retardation factors derived from MRD da
the nonuniform diffusion model predicts thatsL /sR should
lie in the range 0.4–0.5 for exposed surface protons. In p
ticular, sL /sR values close to 1, as reported for many s
face protons in BPTI,22 cannot be rationalized by the diffu
sion model because dipole couplings to remote bulk wa
molecules are modulated slowly, not because the water m
ecules diffuse slowly, but because they have to move a la
distance to randomize the orientation of the internuclear v
tor. As discussed elsewhere, such largesL /sR values are
likely to be experimental artifacts. On the other hand, m
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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of the smallsL /sR values appear to result from intramolec
lar NOEs to rapidly exchanging labile protein protons. Su
artifacts are usually deemed insignificant if the observed p
tein proton is more than 4–5 Å from any rapidly exchangi
labile proton.10,12 However, as shown in the foregoing, mo
remote labile protons can make substantial contribution
the weak NOEs observed with surface protons.

The nonmonotonic variation ofsL /sR as a function of
water mobility or residence time, predicted by the nonu
form diffusion model, demonstrates that this ratio cannot
used as an indicator of hydration dynamics. As illustrated
Fig. 14, an increase ofsL /sR can result from either de
creased or increased hydration water mobility. According
sL /sR is not a single-valued function ofDT

(1) and this am-
biguity appears in the experimentally most relevant reg
~retardation factor 1–4!. The maximum insL /sR results
from two opposed effects of increased hydration water m
bility. When DT

(1)!DT
(0) ~large retardation!, water molecules

in the hydration layer make large contributions to bothsL

andsR and the ratio increases withDT
(1) in the same sigmoi-

dal way as for the uniform model. For sufficiently large r
tardation,sL /sR attains the same limit,21/2, as in the uni-
form case. AsDT

(1) increases, the relative contribution fro
hydration water tosL andsR decreases and the contributio
from bulk water becomes increasingly important. Even wh
DT

(1) remains smaller thanDT
(0) ~between the maximum an

crossover in Fig. 14!, sL /sR passes through a maximum an
then decreases as the relative contribution from the m
mobile bulk water molecules increases further. This happ
because the characteristic time scale for modulation of
orientation of the internuclear vector is longer for the mo
remote ~albeit more mobile! bulk water molecules. In the
~physically implausible! limit DT

(1)@DT
(0) , the hydration wa-

ter contribution is negligible andsL /sR levels out at a value
~0.044 for the parameter values used in Fig. 14! that corre-

FIG. 14. Ratio of the homonuclear laboratory-frame (sL) and rotating-
frame (sR) cross-relaxation rates vs the translational diffusion coeffici
DT

(0) ~uniform diffusion! or DT
(1) ~nonuniform diffusion!. Unrestricted uni-

form or nonuniform diffusion with parameter values from Table I. T
dashed lines indicate the zero-crossing ofsL /sR .
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sponds roughly to a larger macromolecule~radiusb1d) sur-
rounded by bulk water.~The correspondence is not exa
because the hydration layer also acts as a ‘‘correlation si
for nearby bulk water molecules.!

Results on surface hydration dynamics obtained by
NOE and MRD methods have not previously been compa
directly because of the incompatible models used to inter
NOE and MRD data. However, the nonuniform diffusio
model allows contact to be made between the two metho
MRD data yield the quantityNhyd(tR

(1)/tR
(0)21), wheretR

(1)

is the rotational correlation time of theNhyd water molecules
in the hydration layer andtR

(0) is the~known! rotational cor-
relation time of bulk water.20,21 Because both translationa
and rotational motions of water molecules are rate-limited
the underlying hydrogen bond dynamics, the rotational re
dation factortR

(1)/tR
(0) can be identified with the translationa

retardation factorDT
(0)/DT

(1) . Furthermore, the numberNhyd

of retarded water molecules can be related to the hydra
layer thicknessd by means of Eq.~3.4!. When MRD results
are used to predict NOE results in this way, one finds that
modest slowing down of water motions in the hydrati
layer has a negligible effect on thesL /sR ratio.

In the past, NOE results have invariably been discus
in terms of model-dependent water residence times ra
than the more robust retardation factors. To be consis
with the nonuniform diffusion model, the water residen
time should be defined as the mean time taken for a w
molecule to reach the outer boundary of the hydration la
~at r 5b1d) with its initial position uniformly distributed
within the hydration layer (b,r ,b1d). This so-called
mean-first-passage-time can be obtained by direct integra
of the diffusion equation, subject to reflection and absorpt
boundary conditions atr 5b andr 5b1d, respectively. The
result is23

t res5
d2

3DT
~1! F12

d

b
1OS d2

b2D G . ~4.1!

With a retardation factor of 2~Refs. 17, 18! and d53 Å
!b, this yieldst res530 ps at 25 °C.

The water–protein1H–1H NOE method has a precede
in the closely analogous experiment where a nitroxide s
label is covalently attached to the protein to probe the m
bility of hydration water via the longitudinal1H relaxation
rate R1

I induced by the intermolecular dipole–dipole co
pling between the water proton and the unpaired elect
spin.24,25 In this case,1

R1
I 5KIS@0.1 J~2!~v I2vS!10.3 J~2!~v I !

10.6 J~2!~v I1vS!#, ~4.2!

wherev I andvS are the angular Larmor frequencies of th
proton and electron, respectively. To estimate the spatial
tent of the aqueous region probed by this experiment,R1

I was
calculated as described in Sec. II D~uniform model! but with
the upper integration limits in Eq.~2.17! replaced byc.24 By
this simpe device one restricts the initial and final positio
of the S spin to the regionb,r ,c but, since the infinite-
space propagator is retained, one does not exclude diffu
trajectories that sample the regionr .c at intermediate times

t
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Such trajectories are excluded by imposing an absorb
boundary atr 5c, as in our calculations~Sec. II E!. In either
case, one finds that the spin-label experiment has a m
shorter range than the intermolecular NOE experiment, w
R1

I converging to 90% atd5c–b510 Å and to 80% at 5
Å.24 This difference is mainly due to the large magnetic m
ment of the electron, which of course does not affect ther 26

dependence of the individual dipole–dipole couplings,
makesvS5658v I . As a result,R1

I probes water motions a
much higher frequency than the homonuclear cro
relaxation rates, which involve the zero-frequency S
J(2)(0).
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APPENDIX: TRANSLATION-ROTATION DECOUPLING
IN THE INTERMOLECULAR TCF

The essential step in our derivation of Eq.~2.5! is a
one-center expansion of the solid harmonicF2,0(R2r)
about the center of theI sphere~see Fig. 1!. This expansion,
based on a rotational transformation of the spherical h
monic Y2,0(V) and a Laplace-type expansion ofr 23, takes
the form26

F2,0~R2r!5 (
L50

`

(
M52L

L

ALMrLYL,2M~Vr!FL12,M~R!.

~A1!

Here,Vr denotes the spherical polar angles that specify
orientation of the vectorr in the laboratory-fixed frame. Fur
thermore,

ALM5~21!LS 10p

3 D 1/2

@~L11!~L12!~2L13!#1/2

3S L 2 L12

2M 0 M D . ~A2!

The purpose of the expansion~A1! is to factorize the
dependence on the vectorsR andr. If the translational mo-
tion modulatingR and the rotational motion modulatingr
are statistically independent, the total TCFg(2)(t) can be
expressed as a sum of products of partial TCFs,

g~2!~t ![^F2,0~R02r0!F2,0~R2r!&

5 (
L50

`

(
L850

`

(
M52L

L

(
M852L8

L8

ALM AL8M8

3^r0
LYL,2M* ~V0

r!rL8YL8,2M8~Vr!&

3^FL12,M* ~R0!FL812,M8~R!&. ~A3!

If the vector r is of fixed length and undergoes isotrop
rotational diffusion, then

^r0
LYL,2M* ~V0

r!rL8YL8,2M8~Vr!&5dLL8dMM8r
2LGR

~L !~t !
~A4!

with the purely rotational TCF,
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GR
~L !~t !5~4p!21 exp@2L~L11!DRt#. ~A5!

Combination of Eqs.~A3! and ~A4! yields

g~2!~t !5 (
L50

`

(
M52L

L

ALM
2 r2LGR

~L !~t !

3^FL12,M* ~R0!FL12,M~R!&. ~A6!

The last factor is a purely translational TCF and, on acco
of the cylindrical symmetry aboutR, it cannot depend on the
indexM. We can therefore setM50. The sum overM in Eq.
~A6! then only involves the 32 j symbol in Eq.~A2!. Using
the orthogonality relation13

(
M52L

L S L 2 L12

2M 0 M D 2

5
1

5
~A7!

we thus obtain

g~2!~t !5
2p

3 (
L50

`

~L11!~L12!~2L13!r2LGR
~L !~t !

3^FL12,0~R0!FL12,0~R!&. ~A8!

Multiplying by 4pNS and using the definition~2.4!, we ar-
rive at the desired Eq.~2.5!. A different derivation of this
result has been presented by Ayantet al.5

If rotation is much faster than translation, then the to
TCF in Eq.~A3! can be decomposed as

g~2!~t !5gR~t!1^F2,0~R0!F2,0~R!&, ~A9!

where the last term is the purely translational TCF obtain
with a centeredI spin. In the SDF, the rotational TCFgR(t)
contributes significantly only at frequencies above the tra
lational dispersion. The second term in Eq.~A9! is obtained
by noting that, on time scalest where the first term has
practically decayed to zero, the rotational TCFs in Eq.~A3!
can be replaced by the corresponding product of isotro
equilibrium averages. For ar vector of fixed length, we then
have

^YL,2M* ~V0
r!YL8,2M8~Vr!&

5^YL,2M* ~V0
r!&^YL8,2M8~Vr!&

5dL0dL80dM0dM80

1

4p
. ~A10!

By inserting this into Eq. ~A3! and noting that A00

5(4p)1/2, we obtain the second term in Eq.~A9!.
With the aid of a two-center expansion of the so

harmonics,26 it is straightforward to generalize Eq.~A9! to
the case where both spinI and S are located off-center.5 In
the same way as we have done for theI spin, it can be shown
that the off-center location of theSspin only affects the tota
TCF on the short time scale of solvent rotation.
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